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^ I Abstract. Suppose that Ci^\^2^\ ' ' ' j are i.i.d with P{£!f''^ = 1) = pn = 

^ ■ 1 — = 0). Let and be the longest length of arithmetic progressions 

and of arithmetic progressions mod n relative to ^2"'* ' ' ' ' iCi"^ respectively. 
. ■ Firstly, the asymptotic distributions of [/^'"^ and are given. Simultaneously, 

5^ \ the errors are estimated by using Chen-Stein method. Next, the almost surely lim- 



its are discussed when all Pn are equal and when considered on a common probabil- 



t:;^- ' ity space. Finally, we consider the case that MvUn^ooPn = and lim„_j.oo npn = 00. 

O ■ t ^ 

. We prove that as n tends to 00, the probability that C/^"-' takes two numbers and 

W^"'^ takes three numbers tends to 1 . 
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1 Introduction and main results 



Limit distributions for the longest length of runs with respect to Bernoulli 
sequence have been investigated for a long time, see, e.g., [5], |6],[7], [8] and 
[9] . But what about the longest length of arithmetic progressions? Problems 
connected to arithmetic progressions are very important in number theory, 
see [To]. For example. Roth's theory says that every set of integers of positive 
density contained infinitely many progressions of length three. 

Suppose that ^i, ^2, ■ ■ ■ is a Bernoulh sequence with P(^j = 1) = p = 1 — q, 
where < p < 1. Let S„ = {1 < z < : = 1} be the random subset of 
{1, 2, ■ ■ ■ n} decided by ^i, ^2, ■ ■ ■ , ^n- For any 1 < a, s < n , define 



Ui^] = max{l < m < 1 + [^^] = Us = 1, ■ ■ ■ , U(m-i)s = 1}, 

s 



which is the maximum length of arithmetic progressions in E„ starting at a, 
with difference s. Let 

U'^''^ = max U^""}, 

l<a,s<n ' 

which is the length of the longest arithmetic progression in S„. We call ?7(") 
the longest length of arithmetic progressions relative to ^1,^2, ■ ■ ■ 
For any 1 < a, s < n, the numbers 

a,a + s mod n, a + 2s mod n, ■ ■ ■ , a + (?7,/gcd(s, n) — l)s mod n 

are different while a + (n/gcd(s, n))s mod n = a, where gcd(s,n) denotes 
the greatest common divisor of s and n. For convenience, let kn mod n = n 
for any integer k. Define 

W^^-J = max{l < m < : = 1, Us mod n = 1, ■ ■ • , Uim-l)s mod n. = l}, 

gcd(s,n) 



and 



= max W!:i. 



. , , a,s 



We call W^^^ the the longest length of arithmetic progressions mod n relative 
to .^1, ^2, ■ ■ ■ , Cn- Note that is an increasing of n while W^"^^ is not. 

In [1], the authors discussed the limit distribution of U^"^^ and W^'^^ in 
the case that p = 1/2. The results can be easily extended to the case that 
p ^ 1/2. Set C = — 2/lnp and let In denote the logarithm of base e. In |3], 
they proved that as n tends to oo, -^^-^ — j- 1 in probability and — )■ 1 in 
probability. Furthermore, lim„_!.oo clnn ~ ^ 

H^W 3 pyW 

1 = liminf — — < - < limsup — — a.s. (1.1) 

n-5>oo 6 In n 2 n^oo C In n 

The authors also conjectured that 

3 

limsup— = - a.s. (1.2) 

n— >oo C In Ti 2 

In this paper, we will use Chen-Stein method to study the asymptotic 
distributions of f/*-"-* and W^""^ more carefully. In addition, the errors are 
also given. The limit distributions we get are a bit different from that in [1]. 
Next, we prove the conjecture and give more description about almost 
surely limits. 

Set D = 1/lnp. For any integer 1 < r < ra, let 

_ _ n^p'Xp + qr) 
2r r — 1 



and 



Theorem 1.1. (1) It holds that 



, / Cr,\ N X , ^ , In^ 77, In In n , 
max |P(f/(") < r) - e^^"^^\ < 0( ). (1.5 

l<r<n n 
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(2) Let hn = Clnn + Dlnlnn. For any a < 1, 

max I exp(^^p^)P(f/(") <K + x)-l\< O(-i^). (1.6) 

(3) As n tends to oo, 

UM -Clnn 



In Inn 

(A)Almost surely, 



D in probability . (1.7) 



D = hmmi — < limsup — = 0, (1.8) 

n-5>oo mmn n-!>oo In Inn 

lim -^(V f/(2') + J^n^) = D (1.9) 
n^oonmn. mp 

and 



1 " rr(/ej 

-— (V ^ + /^ln2n) =D. (1.10) 
nlnn ^ h ^ ^ ^ 

Theorem 1.2. (l)/i /ioWs i/iai 



n-^oo In n In In n /c 
fc=i 



max |P(l^(") < r) - e"'^"'''! < O(i^). (1.11) 

l<r<n n 



(2) For any a, 



max |exp(V)^(W^^"^ < C'lnn + x) - 1| < 0(-^^ 



i>D In In n+a,C In n+ieZ 2 n"*^"^ 

(1.12) 

{3)As n tends to oo, 



In Inn 

(4) That (ED holds and 



in probability . (1-13) 



l^/W - Clnn 

liminf — = D a.s. (1-14) 

n-5.oo In In n 
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(5) Almost surely, 

. ^1^(2") -C In 2" Vr(2")_^i^2" ^ 

= limmi — — < hmsup ; — z — = —D 1.15 

n^oo In In 2*^ «^oo lnln2'^ ^ ^ 



and 



lim -^{Y + j^n^) = 0. (1.16) 



n-s>oo n In n In » 

fc=l ^ 



Next, we shall consider the case that the success probability is not fixed. 
Suppose that " " " , are i.i.d with P(el"^ = 1) = p„ = 1 -P(ef^ = 

0). Use t/'^"'^"^ and Vr'^"'^"^ to denote the the longest length of arithmetic 
progressions or of arithmetic progressions mod n relative to ■ ■ ■ , ^n"^ 

respectively. We have the following results. 

Theorem 1.3. Assume that 

2 In TL 

lim pn = 0, hm np^ = oo and lim — = h. (1-17) 

n— >-oo n— >oo n— >oo — InjJ^ 

(i) If b = OO, then 

rr 21nn Inlnn, .21nn Inlnn, ^ /i^r^N 

hm P(?7("'^") G { — + , — + ] + 1}) = 1 (1.18) 

n^oo -mpn In pn -lnp„ lnp„ 



and 



hm P(ty("'f'^) G {[— - 1, — , — + 1} = 1. (1.19) 

n->oo -lnp„ -Inpn -lnp„ 

(ii)Ifb = 2, or if 2 < b < oo and b is not an integer, then 

lim P(W^("'P") = [b]) = lim P{U'^'''P"^ = [b]) = 1. (1.20) 
(Hi) If b > 3 and b is an integer, then 

lim P(iy("'f") e{b,b-l})= lim P{U^''^p^'^ e{b,b- 1}) = 1. (1.21) 
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// in addition u = lim. 



n^Pn — ^ exists, then 



lim P{U'-'''P"^ = b-l) = = 1 - lim P{U^'''P"^ = h) (1.22) 



lim P(iy("'P") = 6 - 1) = e-t = 1 - lim P(iy("'?'") = h), (1.23) 



where [x\ denotes the integer part of x. 

The paper is organized as follows. In §2, the equivalent statements of 
(11.91) and (I1.16P are given. The proofs of Theorem 1.1, Theorem 1.2 and 
Theorem 1.3 are given in §2, §3 and §4 respectively. 

2 Auxiliary Results 

For clarify, we give a simple lemma that will be used. 
Lemma 2.1. Suppose that 



and 




(2.1) 



n 



and 



a < liminf — < lim sup — < oo. 

n— 5>oo On n—^cx) On 



(2.2) 



Then 




= a 



(2.3) 



if and only if for all c> a 



1 



n 




(2.4) 



fe=i 
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Proof. At first, we shall prove the sufficiency. By 02.21) . there is d such that 
dk/bk < d for all k. For any c > a, let = {1 < A; < : ak/bk > c}. Then 
( 12. 4p implies that lim^^oo l^nl/''^ = 0. Hence 

ZlLlQfc ^ jd-c) Y^kdAn ^ ((i - c)|An| maXi<fc<n&fc 

fc=l ''fc l^k=l '^k 2^k=l 

The arbitrary of c > a yields that linisup„_^oo ^)!^-,^ Ofc/^^^^ 6^ < a. This, 
together with 1^ and (Q, gives (Q. 

Next, we shall show the necessity. By ( 12. 2p . for any e > 0, there is K 
such that ak/bk > a — e for all k > K. For any c > a, let = {i^ < k < 
n : flfc/^fe < c}. Then for n > K, 

ELi«fc ^ Yk=ii('k-cbk) + {a-e-c)J2keBjk 

C I 



ELi ^k ELi ^- 



'A: 



Ef=i('^fc - cbk) + (g - g - c)|En| maxi<fc<n.6fc 

Z^fc=l '^k 

Letting n tends to oo, we get that 

. , maxi<fc<„ 6fc p-n 
limmf — > 



n^oo Efc=i bk ~ c + e — a 
The arbitrary of e > 0, together with (12. ip . implies (12. 4p and completes our 
proof. □ 
As an application of Lemma 12. 1[ Suppose that (12.20 holds. In addition, 
suppose that 6„c„ > 0, E„^nC„ = oo and lim^^oo nm£';<l<Tbfcefc ^ '^^^^ 
lim„_>.oo Efc=i '^fc'^fc/Efc=i ^fc'^fc = a if and only if (12. 4p holds for all c > a. 
Particularly, by letting c„ = l/6„, we see that lim„_>.oo \ Efc=i 1^ ~ ^ '^^ 
only if O holds for all c > a. Therefore if (EH) and (Q hold, then 

lim„^oo ELi «fe/ELi ^fc = a if and only if lim„_^oo \ Y2=i = 
only if (12. 4p holds for all c> a. 

Note that nhin — n < Efe=il'^^ — n\n.n. By Lemma [2.H we have the 
following propositions. 
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Proposition 2.1. // /il.8\) holds, then / fi.gp holds if and only if 

1 - f/(2'') _Cln2^- 

lim - > _ - ^, = D a.s, 

n^oon^-^ mini'* 

k=2 

and also if and only if for any 1 > e > 0, 
1 " 

il^:^X^^{C/(2'=)<Cln2''+D(l-£)Inln2n = ^ 
k=l 

Proposition 2.2. // l[1.15\) holds, then I11.16\) holds if and only if 
hm - > ri~^ = 

k=2 

and also if and only if for any e > Q, 
1 " 

il^^X]-^{l^(2fe)<cin2fe-£Dlnln2'=} = ^ 
k=l 

3 The asymptotic distribution of U'^'^^ 

Suppose that 2 <r <n. Let 

Bn = B^^^ = {{a,s) : 1 < a,s < n,a+ {r -l)s <n} 

ft — 1 

= {(a,s) : 1 < s < [^^ -]A<a<n-{r-l)s}. 

For any (a, s) G let 

Aa,s = ^2 = {^a = 1, L+s = 1, ■ ■ ■ , ea+(r-l)s = 1 } H {a - S < OF ^a- 

Then 

(a,s)eB„ 

Let I = In,r = P{Aa,s)- Then we have 

{a,s)£Bn 

pi^Jjin) >r)<I. 
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Set 



^ _ j^ir) _ f {a, a + s, ■ ■ ■ , a + (r - if a < s; 

\ {a — s, a, a + s, ■ ■ ■ , a + {r - 



otherwise. 

Let G be the graph with vertex set Bn and edges defined by (a, s) ~ (6, t) if 
and only if Ba^s H 7^ 0. Then G is a dependency graph of {lAa,s '■ i^^y ^) ^ 
Bn}, where Ia^^ is the indicator function of Aa^s- The notion of dependency 
graphs can be found in [T],[3] or in §2.1 of Set 

(a,s)6B„ (fe,t)~{a,s) (a,s)6B„ {b,t)'^{a,s),{b,t)=/={a,s) 

Note that P([/(") < r) = P(E(a,.)eB„ ^^i.,. = 0)- Applying the Chen-Stein 
method, (see [2], [3] or Theorem 3 of we get that 

|P(f/(") <r) -e-^l < e^"'*^). (3.2) 

Lemma 3.1. It holds that 

» — — p — < I < p — — p . 3.3) 

^ 2(r - 1) ^ 2r - - 2(r - 1) ^ 2r ^ ^ 

Proo/. Clearly, |P„| = ^i^(2n - r + 1 - (r - l)[7Ei]). It implies that 

(n — r)^ , „ , 



2(r-l)^l«»l^ 2(731)- P.4) 

Note that P„n{(a, s) : a > s} = {(a, s) : 1 < s < [^],s < a < n-(r-l)s}. 
We have 

^ ^ ' < \Bn n {(a, s) : a > s}| < -. (3.5) 
Zr 2r 

Clearly, / = p''\Bn\ -p'^+i|P„ n {(a,s) : a > s}\. This, together with ([33]) 
and (1331), gives (EJl). □ 

Lemma 3.2. It holds that e^"''") < 9{n^p'^'^~^ + n^r^pt''"^ + ra^t''"^). 
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Proof. Let 



Ci = |{(a,s,&,t) G 5„ X 5„, : (a,s) ~ 
C2 = |{(a, s, 6, t) e B,, X fi„ : n fi;,,^! > 2}| 

and 

cg = |{(a, e Ba X B„ : (a, s) ~ 

Then 

ci < |{(a,s,fe,t) : (a,s) G < t < [- 

r 

-1 < I, J < r - 1}| < 9n^/2 

and 

C3 < 2\{{a, s,b,t) : {a, s) E Bn,t = 2s,b = a + is — jt, —1 < i, j < r — 1}\ 
= 2|{(a, s, b) : {a, s) e Bn,b = a + ks, -2r + 1 < k < r + 1}\ < Ir? . 

Suppose that |i?a,s H > 2 and xq is the minimal number of the set 
Ba^s n By^t. Then xq = a + is = b + jt for some —1 < i,j < r — 1. If 
X G -Ba,s n i?f,^i and x > Xq, then x = a + z's = 6 + j't for some —1 < 

j' < T — 1. It follows that X — Xo = — i)s = (j' — j)t. Thus t = 
for some 1 < ki,k2 < r. In addition, there is positive integer k such that 
i' — i = kto,j' — j = kso and x — xq = ksto, where sq = s/gcd(s,t) and 
to = t/gcd(s,t). Since i' — i < r, k < r/tQ. Similarly, k < t/sq. Therefore 

\Ba,s ^Bh,t\ < r/ max(so,to) + 1- 

Consequently, \Ba^s H B^^tl < f^/^^ + 1 whenever max(so,to) > 3. When 
max(so,to) = 2, \Ba^s H B^^tl < r/2 + 1. Actually, in this case, s = 2t or 
t = 2s. When max(so,to) = I, s = t. We shall show that Aa^s H Ab^s = 
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2s or s = 2t}\. 



],b = a + is — jt, 



whenever a ^ h and Ba^s H Bi, s ^ 0. Assume that b > a without loss of 
generahty. Since i?a,s H Bt^s 0, a + is = b + js for some —l<i,j<r — l 
and hence b = a + ks for some 1 < k < r. Thus Aa^^ C {^a+{k-i)s = 1} 
and A,s ^ {^fe-s = 0} = {Ca+(fc-i)s = 0}. It imphes that Aa^^ n Ab^^ = as 
desired. In view of the discussion above, we have 

C2 < s, 6, t) : (a, s) G t = ski/k-2, b = a + is — jt, 

-1 < i,3 < r - 1,1 < ki,k2 < r}\ < 9raVV4 

and 

as desired. □ 
Similar as the proof of Lemma 13. 2[ we may show that for any m, n and 
2<rm< Tn, with H = {{a, s, b, t) : (a, s) G (6, t) G 5^^^}, 

\{{a,s,b,t) G i/ : l^i'j^ n5j^;^| > 1}| < 9m^n/2 (3.6) 

and 

|{(a,.,6,t) G if : lEjT^ ni?£")| > 2}| < 9mV^r2/4. (3.7) 

Also we can show that if \Biy^ n B^^'f] > ^ + 1 and A^r^ n A^^^'f ^ 0, then 
{b,t) = (a, s). Therefore 

|{(a,.,6,t) G if : n<r^| > ^ + n4:;) ^ 0}| < fcVr..(3.8) 

Proof of Theorem 1.1 (1) Lemma \3A\ and flL3p imply that 

\e-^^.r _ e-V.| < 14^^ _ A„ ,,| < 2np\ (3.9) 
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Let r„ = + 2'-^ + '-^] and K = [^]. By O and 



Lemma 13.21 



max |P(f/(") <r)-e~ 



I -I I ^ ' ) O 

r„<r<i?,i 

< max (|P(f/(") < r) - e^^"---! + |e"^"-'- - e"^"-'-|) 

< max (e^"'") + 2np0 

r„<r<_R„ 

< 9(n V"^^ + n^Rlpi''"'^ + n^^""""^) + 2np''" 

n 



o[n 



-1^ 



On the other hand, it's easy to check that e"^"-''" = e-opnnVininn) 
and 1 - e"-^"-«" = 1 - e~°^^^ = o{n~^). Note that P([/(") < r) and e~^"" 
are both increasing functions of r. Hence when r < r„, 



|P(t/('^) < r) - e-^"''-| < P{U^'''^ < r) + e"^"-'- < P(f/(") < r„) + e"^" 



, In^ n In In n , 



n 



Similarly, when r > Rn, 

|P(f/(") < r) - e^^"''-| < 1 - P(f/(") < P„) + 1 - e-^"-«- 

< |P([/(") < Rn) - e"^-«" I + 2(1 - e"^-«") < Qi^^^^l^^^). 

n 

This completes the proof of fll.Sp . □ 
(2) Let r = hn + X. For convenience, set 

i— glnp ^ ^.|— glnp glnra plnra | 

~P ^n,r I ~ P 



Then 



4 ^ ^1 4 2(r-l) 2r(r-l)|- 



I exp(^i^p^)P(f/(") < /i„ + x) - 1| 
< exp(^^^p")|P(f/(") < r) - e-^"-! + |exp(e„,,) - 1| (3.11) 
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Since a < 1, 



exp(^^p«^ 1° =exp(^^ln'^ n) =o(n^). 



Thus 

max exp( ~^^"V )l^(^^"^ < ^) - e"^"'"' I 

x>aD Inlnn, hn+xG'Z 4 

< o(n^)0(n^Mn%lnlnn)) = o(n^5). (3.12) 
It's easy to verify that 

max e„,,. <j9-^i^i^"0(l) = 0(-^) (3.13) 

x>-Dlnlnn+l inn 

and 

«nir,i,ir, ^/liilnn, ^, In Inn, 
max < p^^ininnQf ^ 0^ Y 3^^4 

aD lnlnn<x<-i:>lnlnn+l ' Inn In n 

Now dLBD follows by (l3TTll -( l314ll . 

(3) For any e > 0, ([31]) and (Q imply that 

P(t/(") > Clnn+ (1 -e)Dlnlnn) < O(ln-^n). (3.15) 
On the other hand, by (11.31) and (II. 5p . 

P([/("^ < Clnn + (1 +e)Jlnlnn) < e'^C"^") + 0( ^'''''^''^'''' ). (3.16) 

n 

Hence (O) holds. 

(4) By fl336|) . Er=i^(f^^^'^ < Cln2'= + (1 + e)D Inln 2^=) < 00 for any 
e > 0. One then deduces from the Borel-Cantelli Lemma that 

P(t/(2') < C In 2^= + (1 + e)D In In 2*^ io.) = 0. 

It follows that for almost surely u, there is K{u) such that for k > K{uj), 

U^^'\uj) >Cln2'= + (l + e)Dlnln2^ (3.17) 
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If n > 2^('^), then 2*^ < n < 2^+^ for some k > K{uj). Hence ?7(2')(a;) < 
f/(")(w) < This, together with flSTTI) . gives that 

U^''\u) > Clnn-Cln2 + (l + e)L)lnlnn. 

Now the arbitrary of e > yields that hminf^^oo '^''ili7^r!" " — ^^ Therefore 
hminf^^oo = ^ by considering ([LTD. 

Let Tk be the longest length of arithmetic progressions relative to ^2''-i+i) 
^2fe-i+2) ■ ■ ■ )^2*- Then Ti,T2, ■ ■ ■ are independent. In addition, has the 
same distribution with U^^" 'I By ffL5|) . 

P(Tk > Cln2'=) = P(f/(2'"') > Cln2'=) < 0{l/k). 

Hence Er=i ^(^fc > Cln2^) = oo. By BoreLCanteUi Lemma, P{Tk > 
Cln2'^ i.o.) = 1. Consequently, limsupfc^p^ ^^^inin^fe'^^'' — by noting that 
f/(2') > Tfe. On the other hand, fl37[5D yields that 

oo 

^p(f/(2^) > C'ln2^' + (1 -e)Dlnln2^') < oo 

k=l 

whenever e > 1. Hence limsup^^oo '^^^ \ni^2^^'^'' — ^- Therefore limsupfc_^oc 
'^^^iniii2'"^'' ~ Furthermore, we can deduce that limsup„_^o^3 '^'"inT^n'^" ~ ^ 
by the fact that U^"'^ is increasing. This completes the proof of (11. 8p . 

Now we come to prove (II. 9p . By Proposition 12.11 we need only to show 
M . Let rfe = [Cln2^- + ^(1 -e)lnln2'=], 14 = {{a,s,k) : 1 < k < 
n,{a,s) G -Bgl*"^} and A{n) = X](a s fc)ev„ Then it suffices to show 
that lim„^oo A(n)/n = a.s. Clearly, EA{n) = Yl^=i^2'^,rh = 0(n^~^) and 
DA{n) is less than the sum of p^fc+'''"~l^°.=*'''^^6T'^l ^ith (a, s, k), (6, t, m) G K, 
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n Sj;-) + and Ati n A^f + 0. By (l3l])-(l3l]), 

l<i<j<n 

00 n. J — 1 

j=l j=l k=0 

oo n 

< 0(1) + + i)o(j2rn = o{n'-n. 

k=0 j=l 

Then by Tchebychev's inequality, for any 6 > 0, 

oo oo ^ 

J2P{\^n/n-E{AJn)\ > 6) < Y^0{-^) < oo. 

n=l n=l 

The Borel-Cantelh Lemma yields that A„/?i — a.s.. Hence (12.61) holds as 
desired. 

Finally, we shall prove (ll.lOp . Let c„ = [Inn/ In 2]. Then 2''" < n < 2^""+^ 
For any integers 1 < a < 6, 

1 , A 1 I , , h 
/ — dx < y -</ — ax = In . 

Ja X ^% J^_i X a - 1 



Thus 

fc=l i=0 j=2» j=0 

and 

^^<^f/(2»+^) ^ i<ln2 5^f/(2"). 

A;=2 1=0 j=2»+l j=l 

Hence by (O, lim„^oo ^(nb ELi ^ + g^^) = D a.s. It follows 
(11.1 up immediately and completes the proof of Theorem 1.1. □ 
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4 The asymptotic distribution of W^^"^ 

Suppose that 2 < r < n. For any 1 < a, s < n, let 

■^a,s -^a s ^ {^a 0, ^a+s mod n 1; ' ' ' ; Ca+rs mod n !}"• ('^■-^) 

Let 

= B^^) = {(a,s) :l<a<n, l<s< [n/2], gcd(n, s) < n/r} 

and 

^1= U ia,.. (4.2) 

(a,s)6-Bn 

Set Ca^s = {a, a + s mod n, a + 2s mod n, a + 3s mod ra, ■■■}. Then C^^s = 
{a,a + s mod n, ■ ■ ■ ,a + (^^^^ - l)s mod n} and ICa,^! = 'T'/ gcd(s, n). 
Set 

A2= U {6 = l,VzGa,,}, (4.3) 

s\n,s<n/r,l<.a<.s 

where s\n means that s is a divisor of n. 
Lemma 4.1. It holds that 

{VrW > r} = U A2. (4.4) 

Proof. Put 

lyj") = max 

l<i<n ' 

which is the maximum length of arithmetic progressions mod n in S„ with 
difference s. For any m > 0, {^a = 1, ^a+s mod n = 1, ■ ■ ■ , ia+ms mod „ = 1} if 
and only if {^b = modn = 1, ■ ■ ■ ,6+m(n~s) mods = 1}, where b = 
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a + ms mod n. In addition, gcd(s, n) = gcd(n — s,n). Hence Ws = W^^j^ 
for all 1 < s < n. Consequently, 

= max P^i") = max W^i"). 

l<s<n l<s<[n/2] 

For any 1 < a,b < n, Ca,s^Cb,s = or Ca,s = Cb,s- In addition Ca,s = Cb,s 
if and only if 6 = a + gcd(s, n) ■ k for some integer k. Thus {1, 2, ■ ■ ■ , ra} is 
the disjoint union of Ca^s with 1 < a < gcd(s,n). It follows that 

H^i") = max W^'^J. 

l<a<gcd(s,n) ' 

where W^i = max W^l\ Note that {W^i"^ > r} = i^,- = 1, Vi G J when 
n/ gcd(s,?7,) = r, and 

provided n/ gcd(s,n) > r. Therefore 

{iyw>r}=( U A,s)[j{ U {6 = l,V^ea,,}). 

(i,s)eB„ l<a<gcd(s,n),l<s<[H],5jg^>r 

This, together with the fact that Ca,s = C'a,gcd{s,n), yields (14. 4p . □ 
Let / = in,r = Zl(a,s)eB„ P{^a,s)- By Lemma (O), we have 

P(Ai) < P(iy(") > r) < P(Ai) + P{A2) <i + P(A2). (4.5) 

Set 

Ba^s = B^^f^ = {a,a + s mod n, • • • , a + rs mod n}. (4.6) 

Define G to be the graph with vertex set P„ and edges defined by (a, s) ~ 
(6, t) if and only if P^ fl B^^t 7^ 0- Then G is a dependency graph of {/^^ ^ : 
(a,s) e P„}. Put 

g(n,r)^ ^ ^ P(i,,,)P(4,) + J] Yl PiKAt)- 

(a,s)6B„ (a,s)6Bn {b,t)r^{a,s),{b,t)jt{a,s) 
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Then 

\P{Al)-e-^\<e^''''\ (4.7) 

The estimations of P{A2), I and e*-"'^-* are given in the following two lemmas. 
Lemma 4.2. We have 

P{A2) < — (4.8) 
qr 



and 



Proof. Obviously, 



n 



s\n,s<n/r i=r i=r 

Clearly, {1 < s < [f ] : gcd(n, s) > ^} C {s = f j : 2 < z < r, 1 < j < [f]}. It 
implies that 

^ > 15.1 > n(fl - V[l]) > ^(1 - ^^). 
2-1 _ VL2J Z^^2^' - 2 ^ 2n ^ 

Now the fact that / = \Bn\qp^ yields (14. 9 p immediately. □ 
Lemma 4.3. It holds that e^"'"") < 4(n^r^p^''~^ + n^r^pl"^-^ + nr^p"^). 

Proof. Let H = {{a,s,b,t) e Bn x Bn : (a, s) ~ ib,t)}, Ci = \H\, 
C2 = \{{a,s,b,t) e H ■.\Ba,snB,^t\>2}\ 

and 

£3 = \{{a,s,b,t) eH:{a,s)j^ {b,t),\Ba,s n Bb,t\ > ^ + 1, ia,s n 7^ 0}|. 



2 
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Then 

~ Ti 

Ci < \{{a, s,b,t) : {a, s) G Bn,,l < t < [—],b = a + is — jt mod n, 

< «,J < r}| < raV. (4.10) 

Suppose that \Ba^s H Bb,t\ > 2. Then there is < ji < j2 < r and x,y E Ba^s 
such that b+jit mod n = x and b + j2t mod n = y. Hence {j2—ji)t — kn = 
y — X for some < A; < j2 — Ji and b = x — jit mod ra. Therefore 

C2 < |{(a, s, 6, t) : (a, s) G i?„, t = (/cn + y — a;)/z, 6 = X — jt mod ra, 

1 < i < r,0 < J, A; < r,x,?/ G Ba,s}\ < 3nVl (4.11) 

We shall show that Aa,s H Af,^s = when 6 7^ a and (a, s) ~ (6, s). Let 

j* = min{0 <j<r:b + js mod n G -Ba,s}- 

Then there is < z < r such that b + j*s mod n = a + is mod ra. It follows 
that 6+ (j* — l)s mod n = a + (z — l)s mod n. Hence j* — 1 < or z — 1 < 0. 
If j* — 1 < 0, then j* = and hence b = a + is mod n. Since b ^ a, i ^ 0. 
We have Aa,s n i^,, C {^,+,, „ = 1,6 = 0} = {6 = 1,6 = 0} = 0. 
Similarly Aa^g fl yl;,^^ = when i — 1 < 0. 

Suppose that s ^ t, \Ba,s H -B;,,t| > r/2 + 1 and l^a^^ fl = {a + 
ios, a + i\S, ■ ■ ■ , a + i^s} with ^ < i^ < i\ < ■ • ■ < ik < r . Then there is / 
such that zj+i — = 1. Since a + z^s mod n = b + ji mod n and a + ii+is 
mod n = b + j2 mod n for some < ji,j2 < and ji 7^ ^2, s = it mod n 
with i = j2 — ji- If 2 = 1, then s = t. U i = —1, then s = n — t and hence 
s = t = 72/2 by the fact that 1 < s,t < n/2. The contradiction shows that 
1 < |z| < r. Similarly, t = js mod n for some 1 < |j| < r. It follows that 
s = ijs mod n, that is (ij — l)s = jn for some |j| < r^/2. Consequently, 

C3 < |{(a, s, 6, t) : s = jn/(ij — 1), t = js mod n, 6 = a + /s — mt mod n, 
1 < a < n, 1 < |z|, IjI < r, \j\ < r'^/2,0< l,m < r}\ < 4nr^. (4.12) 
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Thus our result holds by noting that e*^"'^-' < 2cip^'' ^ + C2P ^ ^ + Csp"^. □ 
Similarly, we may show that for any fixed 771,71, 



\{{a,s,b,t) e 5^^-) X Bl^-'> : \Bj^/-^nBlY"^\ > 1}\ < m'^nr^Tn (4.13) 



\{{a,s,b,t) G 5^^™) X 5^) : \Biy-^ n B;,^"^] > 2}| < SmV^^r^ (4.14) 

Lemma 4.4. Suppose that {a,s) G -Bm"-* anc? (6, t) G -Bn "''. If n > 2m, 
Tn > 36 and t > 3n/r„, i/ien iBi^"''^ D B^Y"^\ < |r„. 

Proof, li 1 < X < m, A = {x, x + t, ■ ■ ■ ,x + kt} C {1, 2, ■ ■ ■ ,n} and x+ {k + 
l)t > n, then A; > 1 and x + ^t > n/2 > m. Thus \A fl {1,2, ■ ■ ■ ,m}\ < 
{k + l)/2 when k is odd, or |A fl {1, 2, ■ ■ ■ , m}\ < k/2 + 1 when k is even. 
Hence \A n {1,2,--- ,m}|/|y4| < 2/3. Since t > Sn/r^, there is h > 3, 
< ii < 12 < ■ ■ ■ ih < rn such that b + {ii + l)t > n > b + iit, b + {12 + l)t > 
2n > b + i2t, ■ ■ ■ ,b + {ih + l)t > hn > b + ifit and b + r„t < {h + l)n. Let 
io = -1, ih+i = Vn and 

Aj = {b + {ij + l)t mod n,b + {ij + 2)t mod n, - ■ ■ ,b + ij+it mod n}. 

Then \Aj fl {1,2, ■■■m}| < l\Aj\ when < j < /i - 1, and j = n 
{1,2 - ■■ ,m}| < m/t + 1. Thus 

|{6, 6 + t mod n, ■ ■ ■ , 6 + r„t mod n} fl {1, 2, ■ ■ ■ , m}|/r„ 



and 



< 



iE,=o'lAI+J ^ 2(z, + l+j) J 2 m 1 




Proof of Theorem 1.2 (l)Firstly, by ([L4]) and ( TO . 



e - e 




(4.15) 
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Next, let r„ = + ^ + ^^^^ - 1] and i?„ = [^]. Lemma 1131 

together with (03]), (gTD, dM]) and f Hl5|) . yields that 

max |P(1^(") < r) -e-'^"-'-| 

r„<r<i?,„ 

< max |P(iy(") < r) - e^^'"'''| + max le"-^""'" - e"^"'"] 

r„<r<R„ r„<r<R„ 

< max (e'-"''"'* H h qnp'^r^) 

r„<r<Rn qr 

= 0(n-Mn^n). (4.16) 

Furthermore, it's easy to check that e"'^"-'''' = o(n~"^) and 1 — e~'^"'^" = 
0{n~^). Therefore (II .111) holds by noting that P(W^"-^ < r) and e"^"''' are 
both increasing functions of r. 

(2) Let r = C\nn + X. Then = qp^/2. Hence flLllI) implies that 

max I exp(gp^/2)P(Vr(") < Cln n + x) — 1\ 

x>Dln In n+a,C' In n+xSZ 



(3) In view of ffTTT]) . it holds that 

P(iy(") < Clnn + eDlnlnn) = e-^^^^^'") + O(i^) ^ | ^ ^ ^ [J' 

n 0, £ > 0. 

It follows ( I1.13P immediately. 

(4) In view of fll.ll) . to prove (11.21) . it remains only to show that 

l^W 3 

limsup — — < - a.s. 

n^oo Clnn 2 

For any e > 0, by (l4SD,(l4lD and fO]) . 

P(l^(") > (1 +£)Clnn) < 0(n-2n + 0(^^V^)- (4-17) 

Inn 

Hence 

oo 

^P(Vr(") > (l + £)Cln n) < oo 

n=l 
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whenever e > ^. Therefore, hmsup^^o^ < | a.s. as desired. 

Since W^"'^ > U^"'\ by (11. 8p . to prove (11.141) . we need only to show that 

liminf , , < D a.s. (4.18) 

n-5>oo In In n 

Fix any < e < 1. Let r„ = [Clnn + eDlnlnn], if„ = < r„} and 
= Enlfc+i^Hn- Then 

Pi U = ^(^. > 0) ^ ^ = vS"'^^"^pm^^^ ^4-^9) 

Clearly, /in,r„ = O(ln^n) = o(ln?T,/4). Together with (II. lip , it implies that 

2k 2k 



XI > J2 -^(In^A;) > 0(P/^). (4.20) 

n=k+l n=fc+l 

Set En = {{a,s):l<a<n, [^] + 1 < s < [f ], gcd(n, s) < ^}. By O 



and 



b,t J 



Let V be the graph with vertex set Vk = {{a, s, n) : k + 1 < n < 2k, (a, s) G 
E„} and edges defined by (a, s, m) ~ (6, t, n) if and only if fii^'"''"^ ^B^Y"^ 
0. Then is a dependency graph of {I 

(a,s)6-E„ 



Er..).,.. i^l^lT-^ Then 



P{HmHn) < e-^^-^- + e^"'''''") + 6^"'^"^ + 2g("^'"'"''^'""), (4.21) 



where e(—-) = E(,,.).(M,n) V(4r V^(^iT'"^4r 0) • 

It follows that 



2k 2k 



J2 P{HM < ( E e-^-)2 + A, (4.22) 



m,n=k+l n=k+l 
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where A = 2A; ^f^^,^^ + 2 Em,n=fc+i e^™''''"'"'''"^- One deduces from 

gM> that Jn > /in,r-„(l - - chl)- Hence 



by noting that /in,r„ = 0(ln^ n). If we have showed that <0{k In /c), then 
hnifc^oo ^(Untfc+i ^n) = 1 and hence fICTD holds, in view of flCTjl - fOS]) . 
Now we shall show that Ck < 0(/c In^ k). By Lemma [4.3[ 



Fix any (a, s, m) G Vfc, define 7(0, s, m) to be the set of all triples (6, t, n) G Vk 
such that 15^"'''"^ n > Cln(2A;)/2. Suppose that k is sufficiently 

large and {b,t,n) G 7(0, s,m). Let = min{j > : b + jt > In}, j = 
max{/ : ii < r^} and Zi = {b + it — In : ii < i < min{ii^i — 1, r,„)}. Then 
B^Y"^ is the disjoint union of Zi with < i < j. Since [^|^] + 1 < t < 
[f], \Zi\ < C\nn/3 + 1 for all i < j, and \Zi\ > 2 for < z < j. Thus 
15^"/"^! = r„ + 1 > 2(j - 1). It follows that j < C\n{2k)/2 - 3. Since 
|^Jn,r„) ^ > c\n{2k)/2 and |Z,| < Clnn/3 + 1, there are / and i 

such that t^l, |Z;n5i™'''"^| > 2 and |Z,n5i™'''"^| > 1. That is to say, there 
is < i < Tn and x,y,z & -Ba,s,m such that b + it — ln = x, b + jt — In = y 
and b + it — tn = z. It leads to (j — i)t = y — x and (2 — /)n = — i)t + x — 2;. 
Therefore 

|7(a, s,m)|< t, 77.) : t = — n = (£t + X — 2;)/j, 6 + zt mod = x, 

IjI, H < Cln2A;,i,j ^ O,^,?/,^ G = 0(ln'A;). 



2k 



2k 




(4.23) 



2fc 
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Combining with f l4.13p and fl4.14p . one then deduces that 

2fc 2k 

m,n=k+l m,n=k+l 

+ ^ p''"'\j{a,s,m)\ < 0{k\n^ k) 

(a,s,m)eVfe 

as desired. It completes the proof of fll.141) . 

(5) Now we come to the proof of fll.lSp . By (11.111) . for any < e < 1, 



P(iy (2") < C In 2" + In In 2"") = e 



_ -0(n'=) 

and 



P(iy(2") > Cln2"- (l + e)Dlnln2") = 0(n-(^+^)). 

Hence hminf^^^o '^^Tni;2>^'"'" > ^nd hmsup,^^ ^^'2; 2-'°'" < by the 
Borel-Cantelh Lemma. In view of f ll.l3p . it remains only to show that 

p^{2") _C'ln2" ^ 

1™ sup — — > -D. (4.24) 

n^oo In In 2" 

For any < e < 1, let r„ = [Clnn — eDlnlnn] and F„ = {(a, s) : 1 < 
a < n, 3n/r„ < s < [n/2], gcd(n, s) < n/vn}. To show (I4.24p . it suffices to 
show that lim„_j.oo -P^Jnlfc+iiW^^^"-* > ''"2"}) = 1- It need only to show that 
lim,^ooP(U(,,,,^)eG,^&''"^) = 1, where Gk = {(a,s,2") : k + 1 < n < 
2k, (a, s) e Fan}. Let = E(a,s,„^)eG, ^li™-™)- Nearly EX^ = 0{k^~'). By 
Lemma lOl Lemma lOl (I4.13P and (I4.14p . 

2k 

DXk < Yl ^(^5'""^) + 2 Yl e^""'"'"^ 

(a,s,m)6Gfe n=k+l 

+2 Y (p''™+''""^22"^2V2-r2n + 3p"2™+^2"2^'"r^„.r^„) 

k+l<m<n<2k 

= o{k'-n. 
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Hence 

Pi. U ii?-') - P(X, > 0) > J^^^j^^^^. 1. 

(a,s,m)eGfc 

As to (11.161) . by Proposition 12.21 we need only to show (12. 8p . It suffices 
to show that 



1 " 

hm -"^ / (2fe , = a.s. (4.25) 

k=l {a,s)&F^k 

and 

1 

hm -V///, = a.s., (4.26) 



n— >-oo n 

ifc=l 



where if^ = {ly^^*") > r2fe} \ (IJ(as)eFfc ^aV^^*"^)- Similar as the proof of 
(EH), we may show (14251) . Note that P(iffc) = 0(A;-i-^). By Borel-Cantelh 
Lemma, limk^cx Ih^ = a.s. It follows (I4.26p and completes our proof. □ 

5 The asymptotic distributions when pn = 

Proof of Theorem 1.3 (i) Set q„ = l-p^ and r„ = + ig^]. Clearly, 

< < pr,i_ Similar as the proof of (I3.10p . we may show that there 

is a constant c > such that 

max |P(t/("'P") <:rn + k) - e"^">'-"+'=>P" I < c»~^n~Mn^n. (5.1) 

0<fc<2 

Since lim„^oo ^l^p = C)0, > 10 and hence < n°-^ for sufficiently 

large n. This, together with (15. ip implies that 



lim max |P(f/("'P") < r„ + /c) - e"^"''--+'^>f" I = 0. (5.2) 

n->oo0<fc<2 



In addition, 



g„ In n — In p„ 

hm Xn,r„,p„ > hm — — = hm — - — = oo 5.3 

I— >oo n— 5>oo /(r„ — 1) n— >oo 4 
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by noting that p„ — > 0. Similarly. 



hm An,r„+2,p„ < lim — = 0. 5.4 

n^oo n~^oo O Uin 4 

Therefore (11.181) holds by fl5.2p - fl5.4p . Use the same method, we may prove 
(I1.19P and complete the proof of (i). 

(ii)(iii): Since lim^^oo^^Pn = oo, lim„^oo -P(Z]r=i d"^ > 2) = 1 and hence 

lim P(t/("'''") > 2) = 1. (5.5) 

n—^oo 

Choose an < £ < 0.1 such that [b — e,b) U (6, b + e) contains no integers. 
There is N such that ^ < In r;,/(- lnp„) < ^ for all n > N. It follows 
that for all n > N, 



Pn^ < n < pn^ . (5.6) 
By (Oj) . (I5l6i) and Lemma l42l for n> N, 

[fe]+l-6/2-e/2 [b]+l-b~e 

Suppose that r < 6 < r + 1 where r is a positive integer. By f l5.6p . n^pj^ > 
^r-(fe-e) _^ ^ j^^^ _ ^ x^R(r) /.(r). By Lemma [STT] and Lemma [3l2| 
EXn = 0{nYn) and DX„ < EX„+0(n3p2r-i) = o{{EXnf). Consequently, 

P(t;<»-.>.) = P(X„>0)>j^^i^^^^l. (5.8) 

Similar as the proof of fl3.10p and (14.161) . by using (I5.6p .we may show that 

lim |P([/("'P") <b)- e"^"'"'*'" I = lim |P(Vr("'P") < 6) - e"^-"'''" | = (5.9) 

when 6 > 3 and b is an integer. Furthermore, if m = lim„_5.oo n^p\i < oo exists, 
then 

lim P(t/(("'P") <b)= lim e'^"'"'^- = (5.10) 
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and 



lim P(iy("'P") <b)= lim e"''"-^'*'" = e"^. (5.11) 

n—>oo n— >oo 

Thus our result holds by ([53]) , (ET]) , (E^l) , (EIO]) , (EH]) and by noting that 
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